We investigate a topological switch between second-order topological insulators (SOTIs) and topological crystalline insulators (TCIs). Both the SOTI and the TCI are protected by the mirror and inversion symmetries, for which we define the bulk topological numbers of the same type. We take examples of square nanodisks on the square lattice and hexagonal nanodisks on the triangular lattice. When inplane magnetic field is introduced parallel to one of the helical edges, the system becomes a TCI. The conductance along the edge is 1 in the unit of the conductance quantum e 2 /h. As the inplane field is rotated, the conductance decreases as the gap of the edge states opens. When it becomes orthogonal to a diagonal line, two topological corner states emerge on its vertices and the system becomes a SOTI. When it becomes parallel to another edge, the system becomes again a TCI and the conductance along the original edge becomes 0 but 1 along a new edge. This may be used as a basis of a topological circuit changing switch. Alternatively, the device may be used as a sensor to measure local magnetization on a sample surface with a resolution of 10 nm.
Introduction: Topological crystalline insulators (TCIs) are protected by crystal symmetries 1, 2 . A typical crystalline symmetry is the mirror symmetry. In TCIs, topological boundary states emerge when the topology protecting crystal symmetry is preserved at the boundary. On the other hand, once the topology protecting crystal symmetry is broken at the boundary, the topological boundary states do not emerge. This is a generalization of the bulk-boundary correspondence protected by crystalline symmetry.
Recently, higher-order topological insulators attract much attention [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , where a typical topology protecting symmetry is a rotational symmetry. For example, in a secondorder topological insulator (SOTI) in two dimensions, the one-dimensional edge states are gaped but there emerge zerodimensional corner states. This phenomenon occurs when the topology protecting symmetry is broken at the edges but preserved at the corners.
There are apparently common features between the TCI and the SOTI. In this paper, we investigate a topological switch between a TCI and a SOTI, by considering a system possessing the mirror and inversion symmetries. We take examples of square and hexagonal nanodisks on the square and triangular lattices, respectively, We have in mind a topological device realizing a circuit changing switch, as illustrated in Fig.1 , where the connectivity of the circuit is controlled by the direction of inplane magnetic field. The conductance is quantized and switched between 0 and 1 in the unit of the conductance quantum e 2 /h. Indeed, when the field is parallel to one of the edges, there are topological edge channels carrying conductance quanta. The gap of the helical edge opens when the field is not parallel to the edge. When the field is orthogonal to a diagonal line, there are no topological edge channels but topological corner states emerge. The conductance has a sharp angle dependence on the direction of the field. It is shown that the system is a TCI when the field is parallel to the edge, while the system is a SOTI when the field is orthogonal to a diagonal line. The bulk topological number is defined and quantized in these cases.
Hamiltonians:
We start with the two-dimensional Hamiltonian 15, 19 consisting of the hopping term H t , the spin-
Illustration of topological circuit changing switch made of (a) square and (b) hexagonal nanodisks. We attach four (six) semiinfinite leads to the corners of the square (hexagonal) nanodisk.
orbit interaction term H SO and the Zeeman term H Z ,
with
in the momentum space. We consider the square and triangular lattices with N = 4 and 6, respectively. Here, m, t, λ are real parameters, k = (k x , k y ), and Nanodisk: We analyze a nanodisk geometry. It is straightforward to calculate the local density of states (LDOS) by changing the angle θ of the magnetic field as in Fig.2(a1) -(f1) for a square nanodisk and as in Fig.2(g1) -(l1) for a hexagonal nanodisk. It is observed that the LDOS is concentrated 
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LDOS of states of (a1)-(f1) square and (g1)-(l1) hexagonal nanodisks. Direction of the magnetic field is indicated by arrows. Corresponding conductance of (a2)-(f2) square and (g2)-(l2) hexagonal nanodisks are shown in the lower panels. We have calculated the conductance between the A and B leads. The vertical axis is the bias energy, while the vertical axis is the conductance in the unit of e 2 /h. We have set t = 1; λ = 1, m = 1, B = 0.5, and t = t. The sample size is L = 8 for the square nanodisk and L = 6 for the hexagonal nanodisk. along the edges. Hence, it is expected that the current follows mainly along the edges. Indeed, we are able to calculate the conductance employing the method we describe later: See Eq. (16) . We show the conductance between the two leads attached to the corners A and B of a square nanodisk First, we investigate a square nanodisk. In the absence of the magnetic field, the topological edge states emerge for all sample edges as shown in Fig.2(a1) . Once it is introduced into the x direction, the edge states along the y direction are gaped, while those along the x direction remain gapless [ Fig.2(b1) ]. When it is rotated away from the x direction, the LDOS of the edge states is distorted so that the maximum value takes at the corner of the sample. The two corner states emerge when the magnetic field is along the x + y direction [ Fig.2(d1) ]. Finally, the edge states along the x direction are gaped and those along the y direction become gapless, when the magnetic field becomes parallel to the y direction.
These features are understood based on the low-energy effective Hamiltonians of (1). They read
for the helical edges along the x axis and the y axis, respectively, with B x = B cos θ and B y = B sin θ. The energies are given by
x . These Hamiltonians imply the spinmomentum locking such that the spin polarization of the helical edge is locked parallel to the edge for B x = 0 or B y = 0.
Indeed, when B x = 0 and B y = 0, B x opens the gap along the y axis, while it induces only the shift of the helical edges along the x axis. Consequently, there are topological edge channels along the x axis. Each channel carries the unit conductance e 2 /h as in Fig.2(b2) . As we shall soon see, the system is a TCI protected by the mirror symmetry with respect to the x direction and the inversion symmetry.
When B x = 0 and B y = 0, there are no topological edge states, implying the decrease of the conductance. The gap 
becomes largest both for the x and y directions when B x = B y = 0, where the LDOS is concentrated at the two corners as in Fig.2(d1) . We shall soon show that the system is a SOTI protected by the mirror symmetry with respect to the x + y direction and the inversion symmetry.
Finally, when B x = 0 and B y = 0, the topological edge channels emerge along the y direction [ Fig.2(f1) ], where the system is a TCI protected by the mirror symmetry with respect to the y direction and the inversion symmetry.
We may similarly investigate the boundary states of the hexagonal nanodisks. The results are shown in Fig.2(g1)-(l2) . Zero-energy channels appear along the x axis when θ = 0 [ Fig.2(h1) ]. All edges are gaped for 0 < θ < π/3. The SOTI is realized for θ = π/6, where two topological corner states emerge [ Fig.2(j1) . Finally, topological edge channels appear when θ = π/3 [ Fig.2(l1) ].
Topological phase diagram: We construct the phase diagram in the (m/t, B/t) plane. We first study the square nanodisk. The high symmetry points are Γ = (0, 0), X = (π, 0), Y = (0, π) and M = (π, π), where the energies are analytically given by
which are independent of λ and θ. Insulator and metallic regions are determined by diagonalizing the Hamiltonian. It turns out that the phase boundaries are well reproduced by the zero-energy conditions E Γ = E M = E X = 0 at the high symmetry points. Insulator regions emerge when Dirac cones are fixed at these points, while metallic regions emerge when Dirac cones move along the line M -X-M . We will soon assign the topological number to each insulator phase: See Fig.3(a) . It is known 10 that, when B = 0, the system is a topological insulator for |m/t| < 2 and a trivial insulator for |m/t| < 2, as agrees with the present result. Fig.2(g1) . The horizontal axis is the angle of the magnetic field, while the vertical axis is the conductance.
We may similarly construct the phase diagram for the hexagonal nanodisk. The high symmetry points are Γ = (0, 0), M = (0, 2π/ √ 3) and K = (2π/3, 0), where the energies are analytically given by
The phase boundaries are well described by the zero-energy conditions E Γ = E M = E K = 0 as in Fig.3(b) .
Mirror symmetry indicator:
We explore the symmetry indicators to characterize the bulk topology of the square nanodisk. We search for the mirror symmetry operator M θ by changing the direction θ of the magnetic field. The mirror symmetries are present at θ = pπ/4 with p being integers such that 0 ≤ p ≤ 7. The mirror eigenvalue is given by solving M θ |ψ n (k) = χ n (k)|ψ n (k) with the band index n, and it is quantized as χ n (k) = ±i along the mirror-symmetric line because M 2 θ = −1. The winding number along the mirror symmetric line is defined as
where n runs over the occupied bands. It is quantized since χ n (k) is a constant. This is the mirror symmetry indicator, which reads in each phase as in Fig.3(a) . First, for θ = 0, there is a mirror symmetry M 0 = iσ x with respect to the x direction. Topological edge states emerge parallel to the x axis as in Fig.2(b1) , which indicates that the system is a TCI. TCIs are realized also at θ = ±π/2, π.
Second, for θ = π/4, there is a mirror symmetry M π/4 = i(σ x + σ y )/ √ 2 with respect to the x + y direction. Topological boundary states emerge at the two corners as in Fig.2(d1) , which indicates that the system is a SOTI. SOTIs are realized also at θ = −π/4, ±3π/4. Similar analysis is carried out for the hexagonal nanodisk, where the mirror symmetry indicator is given by the same formula as (13) at θ = pπ/6 with integer p satisfying 0 ≤ p ≤ 11. The results are shown in the phase diagram Fig.3(b) .
Schematic figures of topological circuit changing switches, where topological edge states connect two leads. The connectivity can be controlled by changing the magnetic field angle. The topological circuits are switched on (off) for the TCI (SOTI) phase. We can make a two step switch for the square nanodisk and a three step switch for the hexagonal nanodisk.
Inversion symmetry indicator: The Hamiltonian (1) for the square lattice has the inversion symmetry I = τ z irrespective to the magnetic field direction. The inversion eigenvalue ξ of the symmetry operator I, I|ψ n (k) = ξ n (k)|ψ n (k) , is quantized 10, 16, 21, 22 to be ξ n (k) = ±1 at the inversion symmetric points because I 2 = 1. We define the Z index ζ protected by the inversion symmetry I by the formula
where n runs over the occupied bands at the points Γ and M . We show the inversion symmetry indicator in each phase of the phase diagram in Fig.3(a) . Similar analysis is carried out for the hexagonal nanodisk, where the inversion symmetry indicator is given by the same formula as (14) . The results are shown in the phase diagram Fig.3(b) .
Bulk topological number: Both in the square and hexagonal nanodisks the bulk topological number is defined with the use of the mirror and inversion symmetry indicators as
This is the Z 2 number, which takes ν θ = 1 for the topological phase and ν θ = 0 for the trivial phase. We have shown them in the phase diagrams Fig.3(a) and (b). Conductance: The conductance between two leads is calculated as follows. The natural framework for transport calculations in nanoscopic devices is the Landauer formalism [23] [24] [25] [26] . In terms of single-particle Green's functions, the low-bias conductance σ(E) at the energy E is given by
where Γ R(L) (E) = i[Σ R(L) (E) − Σ † R(L) (E)] with the selfenergies Σ L (E) and Σ R (E), and
with the Hamiltonian H D for the device region. The self energy of single-atomic semi-infinite chain is analytically obtained 23 as
where t is the transfer integral of the single-atomic semiinfinite chain.
We show the conductance as a function of the energy E in Fig.2 both for the square and hexagonal nanodisks. We have calculated the conductance between the leads A and B. Its behaviors read as follows. It is almost constant when the energy E is within the bulk gap ∆. On the other hand, the conductance fluctuates rapidly when the energy E is in the bulk band. This is because the leads are too narrow to convey the conductance of the bulk.
Topological devices:
We consider topological devices, where four (six) leads are attached to the corners of the square (hexagonal) nanodisk: See Fig.1 . The leads are single atomic chains with semi-infinite length. Experimentally, the leads can be replaced by multi-terminal STM (Scanning Tunneling Microscope) chips.
